Abstract-In this paper, a class of polyphase signature sequences for direct-sequence code-division multiple-access (DS/CDMA) systems is proposed. The proposed class has zero periodic (= even) cross-correlation (CC) function and approximate maximum magnitude of odd cross-correlation (OCC), where is the length of sequences. Although the maximum magnitude is relatively large, it is observed that the maximum magnitude has little effect on the performance of the DS/CDMA system, since its frequency is very low. The performance of the proposed sequence in DS/CDMA systems is investigated and shown to be better than that of other sequences for asynchronous additive white Gaussian noise channel environment with and without Rayleigh multipath fading.
I. INTRODUCTION

I
N DIRECT-sequence code-division multiple-access (DS/CDMA) systems, a large number of users share the same frequency band at the same time, and each user is assigned a unique signature sequence which spreads information bits through direct multiplication. In this sense, the signature sequences play an important role not only in spreading and despreading but also in the identification of a desired user from interfering users in DS/CDMA systems. Particularly, to reduce the multiple-access interference (MAI), which is one of the main factors decreasing the practical channel capacity and thus degrading the performance of multiple-access systems, it is an essential and effective method to design signature sequences which have reduced cross-correlation (CC).
There has been considerable interest in designing sequences with good correlation properties. As a result, a number of sequences with good periodic even CC (ECC) properties have been suggested: among the typical examples are Kasami [1] , Gold [2] , Frank-Zadoff-Chu (FZC) [3] , [4] , complex four-phase [5] , and Park-Park-Song-Suehiro (PS) [6] sequences. In [6] , particularly, a class of sequences of which the ECC is zero has been proposed to eliminate MAI completely under certain conditions in quasi-synchronous (QS) DS/CDMA systems. The above mentioned investigations on the sequences with good correlation properties have considered only the even correlation (EC) properties of the sequences. However, in order to completely analyze the performance of DS/CDMA systems using a particular class of sequences with a number of simultaneous users, we should consider not only the EC property but also the odd correlation (OC) property of sequences [7] . The OC function affects the output of the correlator when the information symbols change over one integration interval, while the EC function affects the output when the information symbols do not change. Thus, when the binary information symbols are equiprobable, both the EC and OC functions are equally important in the system design and performance analysis. Designing sequences with good OC property is a difficult problem as observed in [8] . In practice, since there is only few sequence with known OC property, when we select signature sequences for DS/CDMA systems, we usually select a class of sequences for which the maximum EC is small, in the hope that the selected sequences would also have a good OC property. Some analyses on OC have been considered in [9] and [10] .
In this paper, we propose a class of polyphase sequences with perfect zero ECC, reasonably good odd cross correlation (OCC), and good overall CC properties for DS/CDMA communication systems. The generating method and correlation functions of the new class of sequences are described in Section II, and the correlation properties of the proposed sequences are compared with those of other sequences in Section III. The system performance using the proposed sequences is investigated and compared with that using other sequences under asynchronous additive white Gaussian noise channel environment with and without Rayleigh multipath fading in Section IV.
II. THE NEW SEQUENCE
A. Definition
For each with an even integer, let us consider the sequence of length , defined by (1) where , and with an arbitrary integer. The set of the sequences will be called the Song-Park (SP) sequence. 
B. Correlation Functions of the SP Sequence
In this subsection, we describe the correlation functions of the SP sequence. Let us first consider the ECC function.
Theorem 1: The ECC function of the SP sequence is . Proof: First, consider the EC function of polyphase sequences [7] (3) where (4) and denotes the complex conjugate, with and the th and th sequence indexes, respectively. Using the expression (1) for and in (4), we have, since is even for the SP sequence (5) where (without loss of generality, we can assume when we consider a CC function). Since , the second summation in (5) can be expressed as (6) Then we have (7) When , the summation in (7) is since Next, let us consider the OCC function of the SP sequence. Using the OC function of polyphase sequences (8) we obtain the OC function of the SP sequence as (9) after some manipulations similar to those shown in the proof of Theorem 1 (in this paper, we use to denote OC functions). As we can see from (9), it is not easy to describe the OCC function of the SP sequence in a straightforward way. We thus instead investigate the maximum magnitude of the OCC function.
Theorem 2: The maximum magnitude of the OCC (MMO) of the SP sequence is (10) where and denotes the largest integer equal to or less than . Note that the MMO is a function of and .
Proof: First, consider the term in the bracket of (9) (11) When runs from to and then from to , the points complete revolutions around the unit circle in the complex plane. Thus, when the value of varies, the absolute value of (11) is maximum when the first term is the sum of as many points as possible in the upper (lower) half-plane since the second term is then the sum of some points in the lower (upper) half-plane. This occurs when Therefore, we have (12) since and consequently The BMMO occurs when , at which time and, consequently, the BMMO is from (10) .
Theorems 2 and 3 tell us that the MMO of the SP sequence may vary quite a lot depending on the choice of a pair of sequences, which implies that the range of the OCC values for the SP sequences could be larger than that for other sequences, as we shall see in Section III-A. This is a characteristic of the SP sequence.
Let us now consider the autocorrelation (AC) functions of the SP sequence.
Theorem 4: The even AC (EAC) function of the SP sequence is (17)
Proof: When , we obtain from (7) (18) since .
Theorem 5: The odd AC (OAC) function of the SP sequence is (19)
Proof: When , we have from (9) (20)
III. COMPARISONS OF SEVERAL SEQUENCES
A. Maximum Magnitude of CC Function and its Distribution
We assume in this subsection that the CC is normalized by the length of sequence. The best and worst of the ECC and OCC functions of the Gold, equivalent odd and even correlation-Gold (EOE-Gold) [8] , PS, and SP sequences are shown in Fig. 1 , when for the Gold and EOE-Gold sequences, for the PS sequence, and for the SP sequence. The best and worst denote the CC function of the pair of sequences for which the MMO is the smallest and largest, respectively, among all the pairs of sequences having sequence length . We can clearly observe that the BMMO is and the WMMO is for the SP sequence, as expected in Theorem 3.
It is known that the worst case maximum magnitude of the ECC of Gold sequence is about [2] and the OCC function is exactly equal to the ECC function for the EOE-Gold sequence [8] : the WMMO of the EOE-Gold sequence is known to be less than that of Gold sequence. However, neither the information on how large of the Gold and EOE-Gold sequences are nor the information on which pair of sequences produces has yet been analyzed. Although the upper bound on the MMO of the Gold sequence has been obtained as in [9] , this bound is too loose when is large as we can see in Fig. 1 . We can clearly see that the ECC of the SP sequence is perfect in Fig. 1 . As the ECC characteristic of the SP sequence is perfect, the correlator output corresponding to the MAI components would be zero, when the binary information symbols do not change over one integration interval. This property allows the system using the SP sequence to eliminate MAI perfectly when the information symbols do not change over one integration interval. The ECC of the PS sequence is also perfect: yet, the MMO for the SP sequence is approximately and that for the PS sequence in the best and worst cases, respectively.
Although the WMMO of the SP sequence is larger than that of the Gold and EOE-Gold sequences, we can make smaller than that of the Gold and EOE-Gold sequences by properly selecting a subclass of the SP sequence. For such a subclass, much better performance can be achieved than is anticipated from the worst case analysis. It also turns out that, as we shall see later in Section IV, even arbitrarily chosen SP sequences outperform the Gold, EOE-Gold, and PS sequences. Now, we show that most MMO of the SP sequence are smaller than the BMMO of the Gold and EOE-Gold sequences. Table I shows some probabilities of , the MMO of a pair of arbitrarily chosen SP sequences. In order to compare the distribution of with the MMO of the Gold and EOE-Gold sequences, we use the BMMO and WMMO of the Gold and EOE-Gold sequences as the thresholds. When , for any pair of SP sequences, is smaller than and , where and are the WMMO of the Gold and EOE-Gold sequences, respectively. In addition, is smaller than and with probability , where and are the BMMO of the Gold and EOE-Gold sequences, respectively. Next, when , is larger than and only with probability . On the other hand, is smaller than and with probability and , respectively, that is, when we choose a pair of SP sequences at random, the MMO of the pair would be less than the BMMO of the Gold and EOE-Gold sequences with probability about . In addition, this probability increases as increases. Fig. 2 shows the distributions of the MMO for several sequences whose lengths are almost the same. The distribution curves are obtained by evaluating the MMO for all possible pairs of sequences, where is the number of sequences (which depends on ). For example, when , the cumulative frequency for the SP and Gold sequences in Fig. 2(b) is obtained from and values of MMO, respectively. When ( Fig. 2(a) ), the MMO of the SP sequence is always smaller than that of the Gold, EOE-Gold, and PS sequences as shown in Table I as well. When and (Fig. 2(b) and (c) ), although the MMO of the SP sequence may be larger than the WMMO of the Gold and EOE-Gold sequences, the occurrence of such events is very rare. Most of all, we can clearly see that the MMO of the SP sequence is smaller than that of the other sequences with high probability. The cumulative frequency for the PS sequence converges to at a much slower rate than that for other sequences.
In Fig. 3 , we show the cumulative frequency of the magnitude of the OCC obtained for all possible pairs and all values of : thus, each curve represents a set of magnitudes. It is clearly observed that the magnitude of the OCC for the SP sequence is smaller than that of the Gold and EOE-Gold sequences with high probability. Although the PS sequence also shows a similar characteristic, the SP sequence exhibits a much faster convergence.
We have so far shown that the OCC property of the SP sequence is much more "favorable" than that of the Gold, EOE-Gold, and PS sequences for use as signature sequences in DS/CDMA systems. Considering that the ECC function of the SP sequence is always zero (while that of the Gold and EOE-Gold sequences is not), we can conclude that the CC property of the SP sequence is much better than that of the Gold, EOE-Gold, and PS sequences. Table II shows some characteristics of the SP and other wellknown sequences when the length of sequence is . We can see that the number of sequences of the SP sequence is about half that of the Gold, FZC, and four-phase sequences. However, compared with Kasami sequence, the number of sequences of the SP sequence is more when . We can also see that the number of sequences of the SP sequence is almost double that of the PS sequence which also has the same perfect (all-zero) ECC property. The selected SP (SSP) sequence is a set of the SP sequences which are so selected that the (unnormalized) WMMO is less than : the value is so chosen that the WMMO of the SSP sequence is (approximately) the same as that of the EOE-Gold sequence. The (approximate) number of the SSP sequences in Table II is found by a trial-and-error method.
B. Number of Sequences and AC Function
According to the Welch-Sidelnikov lower bound, the worst case maximum magnitude of the EC is equal to or larger than in the case of polyphase sequences [9] . It means that good CC property may be obtained at the sacrifice of AC property. The AC properties of SP sequences are not as good as the other sequences considered in this paper. The SP sequence may thus be used in asynchronous environments with the aid of an additional synchronization sequence (for example, Barker sequence [12] which are known to have good even and odd AC properties) in the training period (preamble) of the acquisition process or in synchronous environments: the other sequences also require this training period. 
C. Summary
In Section III, we have examined the correlation properties of the SP sequence and compared the SP sequence with other sequences. Although the SP sequence has a larger WMMO than the EOE-Gold sequence, the ECC and other OCC properties of the SP sequence are much better than those of the EOE-Gold sequence as we have already seen early in this section. In addition, the SSP sequence is better than the EOE-Gold sequence in all the ECC and OCC viewpoints. To more tangibly illustrate the consequence of such good CC properties of the SP sequence on practical DS/CDMA systems, we obtain numerical results of system performance when some sequences are used under the condition of perfect synchronization in the next section.
IV. NUMERICAL RESULTS
A. Under No Multipath Fading
The transmitter model to be considered in this section is binary phase-shift keying (BPSK) with simultaneous users (the first user being the reference user), and each user is assigned a unique signature sequence. The transmitted signal for the th user can be written as (21) where (22) (23) is the common average transmitted power, is the common carrier frequency, is the phase of the th carrier, is the chip duration, is the symbol duration, and is the unit rectangular pulse defined by for and elsewhere. The information symbols are assumed to be independent and identically distributed (i.i.d.) random variables with .
For asynchronous systems, the received signal is expressed as (24) where is the time delay of the th user, , and is the additive white Gaussian noise process with two-sided spectral density . Without loss of generality, it is assumed that for , and for . Then the absolute value of the coherent receiver output can be written as (25) and the average bit-error probability (BEP) can be approximated by [7] (26) where is the energy per data symbol, is the standard Gaussian cumulative distribution function, and (27) Fig. 4 depicts the average BEP as a function of the signal-to-noise ratio (SNR) to compare the performance of the systems using Gold, EOE-Gold, PS, and SP sequences with length and , respectively, when the synchronization is assumed to be perfect. The number of users is and for Gold, EOE-Gold, and SP sequences, and for PS sequence (since the number of the PS sequences we have chosen is ). In these simulations, we evaluate the MAI factor in (26) from sequences generated. The sequences generated have been arbitrarily chosen for the Gold, EOE-Gold, and PS sequences. For the SP sequences, we have chosen the "worst" sequences when and the "best" sequences when and . We can clearly see that the performance of the system using the SP sequence is the best among the four systems considered: as the SNR gets higher and the number of users gets larger, the outperformance of the system using the SP sequence becomes larger. In addition, the performance of the system using the SP sequence is almost constant irrespective of the number of users, while that using the other sequences varies considerably: this is because the value of the SP sequence is significantly small compared with that of the Gold and EOE-Gold sequences ( versus when ). Since the set of the SP sequences in the case is the "worst" choice, the fact that the difference between the performance when or and that when is very small implies that the effect of the WMMO of the SP sequence on the system performance is negligible: this partially supports what we have mentioned in the previous section.
B. Under Rayleigh Multipath Fading
We now assume that there exists frequency-selective Rayleigh multipath fading in the asynchronous channel considered in Section IV-A. The fading amplitudes of the th user in the th path , are independent Rayleigh random variables with probability density function (28) where is the second moment of : we assume that is related to the second moment of the initial path strength by
The fading phases of the th user in the th path , are i.i.d. uniform random variables over . Then, the received signal is given by (29) the absolute value of the coherent RAKE receiver output can be written as (30) and the average BEP is approximated by [13] (31) where is the number of branches of the RAKE receiver,
and ( using Gold, EOE-Gold, and SP sequences under Rayleigh multipath fading. The length of sequences is and for the Gold, EOE-Gold, PS, and SP sequences, respectively, , , the number of users is and for the Gold, EOE-Gold, and SP sequences, and for the PS sequence, and the synchronization is assumed to be perfect. We evaluate the multipath interference (MPI) factor given in (27) and MAI factor from sequences generated in a manner similar to that in Fig. 4 , where denotes the index of the signature sequence of the reference user.
As we can see in Table III , the dynamic range of the MPI factor of the SP sequence is much larger than that of the Gold or EOE-Gold sequence: this implies that the performance depends on the sequence (reference user) chosen. The sets of the SP sequences used for , and in respectively, where with the SP sequence of which is the th smallest value among .
In Fig. 5 , we can clearly see that the performance of the system using the SP sequence is the best among the four systems considered in multipath fading environment as well. Since the BEP of the SP sequence varies little as the number of users increases, the outperformance of the system using the SP sequence over that using the Gold and EOE-Gold sequences would be larger as the number of users increases. This is because the effect of the MAI is much larger than that of multipath fading, and the former is almost completely eliminated with the SP sequence although the latter is higher than that using the Gold and EOE-Gold sequences. Specifically, the difference between the required SNR of the SP sequence and that of the Gold and EOE-Gold sequences for is about 0.2 dB when : the difference increases to about 4 dB (with respect to the Gold sequence) and 2.5 dB (with respect to the EOE-Gold sequence) when . The performance of the system using Gold, EOE-Gold, and SP sequences is shown in Fig. 6 when , , , and , and other conditions are all the same as those in Fig. 5 . The best and worst cases represent the performance of the systems when and are used as the signature sequence of the reference user, respectively. It is observed that the worst case performance of the SP sequence is almost the same as the best case performance irrespective of the number of paths. Next, we can see that the performance of the system using the SP sequence is always better than that using the other two sequences when : although we do not show explicitly in the figure, it turns out that this is ,also true in the case of . We now consider the system performance when , in which case we have to use all possible SP sequences. When we use the SP sequence as the signature sequences, the performance under multipath fading varies quite a lot depending on the user, as can be seen from Table III . On the contrary, the performance of the system using the Gold and EOE-Gold sequences would change little regardless of the signature sequence of the reference user since the AC remains relatively unchanged. We now show that even the worst case performance of the SP sequences is better than that of other sequences. Fig. 7 shows an example of the performance of the system using "poorly" chosen SP sequence as the signature sequence of the reference user, when for the Gold and EOE-Gold sequences, for the SP sequence, , , and . First, it is noteworthy that even the worst case of the SP sequence performs better than the Gold and EOE-Gold sequences: The required SNR of for is about 7 dB while that of the Gold and EOE-Gold is about 12 and 8.5 dB, respectively: in addition, only the worst two of the 254 SP sequences require about 7 dB of SNR and all the other 252 SP sequences from to require only about 5-6 dB. That is, there are only a few SP sequences which perform meaningfully worse than the other SP sequences in multipath fading environment. We can thus obtain considerably better performance with the SP sequence by excluding such "poor" sequences.
V. CONCLUSION
A class of polyphase sequences useful for DS/CDMA systems has been proposed. The proposed class of sequences is generated using a simple index calculation, with the points equally spaced on the unit circle in the complex plane. We have examined the correlation properties of the new class of sequences. Although the WMMO is not satisfactorily small, we can see that the WMMO of the new sequence has little effect on the system performance. In addition, we can select and form a subclass of the new sequences so that they satisfy the desired specification since we have all the information about the OCC (and ECC) of new sequences. For example, the number of sequences selected to satisfy
, is approximately . To illustrate the effect of such good CC properties of the new sequence on practical DS/CDMA systems, we have obtained some numerical results for the system performance using several sequences under the assumption of perfect synchronization. The performance of the system using the proposed sequence has been shown to be better than that of other sequences, and the performance gain becomes larger as the number of users increases. Most of all, the performance of the system using the new sequence is practically constant at given SNR irrespective of the number of users, except when the number of users is (almost) equal to the number of sequences determined by the length of sequence.
